Abstract. This paper deals with the problem of describing the set M of all solutions of an equation over a free semigroup S. The standard way to do this involves the introduction of auxiliary equations containing polynomials in natural number parameters of arbitrarily high degree. Since S has a solvable word problem, M must be computable. However, M cannot necessarily be computed from the standard description of M . The present paper shows that the only polynomials needed to describe M are just products of one parameter by a linear combination of some other parameters. The resulting simplification of the standard description of M clearly can be used to compute M .
Investigating the general solution of a one variable equation in a free group, R. Lyndon [1] , [2] was the first who faced the necessity of introducing the natural number parameters for the auxiliary equations whose solutions are being used for the construction of the solutions of the initial equation. The difficulty arising in such investigations is the following: the multiplication of the natural number parameters leads to nonlinear Diophantine equations and the decision problem for these equations is algorithmically unsolvable as Yu. V. Matiyasevich has proved in [3] . In the papers of R. Lyndon [1] , [2] , Yu. I. Khmelevskii [4] , [5] and others, where equations with few variables were being studied, multiplication of the natural number parameters had been avoided by imposition of additional conditions on the parameters and the bases. However, in the general case, the investigation of equations with an arbitrary number of variables in a free group or a free semigroup inevitably implies the introduction of natural number parameters and multiplication of the natural number parameters introduced.
In this paper we propose radical deliverance from the aforesaid difficulty. We prove that the product of the parameters in the auxiliary equations of the tree of the transformations occurs in the form of a product Lλ where L is a linear polynomial of natural number parameters which are different from λ, and the parameter λ enters into the equation only in the form Lλ. The transformation of the normalization of the parameters of the equation is introduced. It consists of the replacement of the product Lλ by the factor λ. We note this transformation increases the set of the solutions of the equation in general.
The transformation of the normalization of the parameters allows us to formulate in a way which is free from multiplication of the parameters the concept of the parametric equation in a free semigroup, which came to a head long ago.
Using the transformation of the normalization of the parameters we construct a new tree of auxiliary parametric equations in a free semigroup and prove that the set of the solutions of the initial equation in a free semigroup does not change thereby.
Let Π be a free semigroup with a countable alphabet of generators a 1 , . . . , a k , . . . . (1) An equation in Π is given by an alphabet of word variables x 1 , . . . , x n (2) and a left noncancellable equality ϕ(x 1 , . . . , x n ) = ψ(x 1 , . . . , x n ). (3) A list X 1 , . . . , X n of words in the alphabet (1) is called a solution of the equation (2), (3) whenever the words ϕ(X 1 , . . . , X n ) and ψ(X 1 , . . . , X n ) coincide. If ϕ(x 1 , . . . , x n ) and ψ(x 1 , . . . , x n ) are empty words, the equation (2), (3) is called trivial. Coincidence of two words P and Q will be denoted by P Q.
Two types of elementary transformations of the equation (2), (3) called nondegenerate and degenerate elementary transformations, are defined: The nondegenerate transformation x p → x q x p , where p = q, can be applied to the equation
The result of the application of this transformation is given by the alphabet (2) and the equality
xp→xqxp . The degenerate transformation x p → 1 can be applied to the equation (2),
The result of the application of this transformation is given by the alphabet x 1 , . . . , x p−1 , x p+1 , . . . , x n and the equality (ϕ 1 ) xp→1 = (ψ) xp→1 after all possible left cancellations. A sequence of equations (4) connected by elementary transformations is called a finished sequence of the equation E if the equation E τ is trivial.
The transformation
resulting from all successive applications of elementary transformations in any finished sequence of the equation (2), (3) is called a principal solution of the equation (2), (3) . The following theorem demonstrates that the general solution of any equation in Π is described by the set of all principal solutions of this equation. 
Proof. Let the equality (3) be of the form Starting from the initial equation (2), (3) we "construct" the infinite tree of auxiliary equations by successive application of all possible elementary transformations.
A sequence of nondegenerate transformations If in the tree of auxiliary equations of the initial equation (2), (3) there is a stable sequence of transformations of one variable, it is obvious that there is a sequence of nondegenerate transformations of any length in it. To exclude stable sequences from the tree, we are forced to collect them in special parametric transformations of the form
where λ is a natural parameter. Thus, we extend the notion of equation in the free semigroup, also extend the notion of transformation of such equation and as a result we come to the notion of parametric equation in the free semigroup. We introduce the countable table of the natural parameters. 
The set of all linear polynomials of the form (7) is called a parametric letter. The alphabet (7) is called the p-layer alphabet of parametric letters. The word C i (i = 1, . . . , p) is called the base of the letters of the ith layer of the alphabet (7). We assume that two words in the alphabet (7) coincide if one obtains from another by commutations of parametric words the same layer and commutations parametric letter and its base. Coincidence of two words P and Q will be denoted P Q. A parametric letter C λr,i r is called a normal parametric letter, if for any value of parameters the base C r remains a simple word.
A parametric equation in a free semigroup Π is given by the p-layer alphabet of the parametric letters (7) and a left noncancellable equality of words
in this alphabet. A list of words X 1 , . . . , X n in the alphabet (1) and a finite table of natural numbers {· · · Λ s,t · · · } is called a solution of the parametric equation (7), (8) whenever the words Φ(
A parametric equation, given by the alphabet of normal parametric letters and an equality of words of the form
in this alphabet, is called a normal parametric equation.
A list of row transformations of the natural parameters of the pth row
will be called:
has no solution. will be called a full (independent) list, if in the list of transformations every row of the table is full (independent). Three types of transformations of the natural parameters of the parametric equation are defined.
A transformation of the parametric equation (7), (8), that we call a division of the natural parameters, is produced by means of a full and independent list of row transformations ω 1 , . . . , ω σ of natural parameters. The result of the application of transformation is a list of parametric equations (7) ω1 , (8)
ωσ . The alphabet (7) ωi is obtained from the alphabet (7) by substituting the bases C 1 , . . . , C p by the words C ωi 1 , . . . , C ωi p respectively. The equality (8) ωi is obtained from the equality Φ ωi = Ψ ωi by left cancellations. A transformation of parametric equation (7), (8), that we call a replacement of the natural parameters, is applied to the equation when C q C s (1 ≤ s < q ≤ p) on the alphabet (7). This transformation is produced by means of transformation of the natural parameters
where w is maximal second index of natural parameters λ i,j that occurs in the words Φ, Ψ, and bases C 1 , . . . , C p . In addition the replacement of every letter C λ q,k q by the letters C λ s,k+w s respectively is carried out. A transformation of parametric equation (7), (8) . This transformation is produced by means of transformation of the natural parameters
In addition in the equation (7), (8) the replacement the base C m by the base C s is carried out.
Three types of the transformation of the word variables of the parametric equation are defined.
A nondegenerate transformation is applied to normal parametric equation, given by the alphabet (7) and equality of the form
where R is a parametric letter not containing x r . A nondegenerate transformation is of the form x r → Rx r . The result of the application of the transformation is the parametric equation, given by the alphabet (7) xr→Rxr and the equality
A degenerate transformation is applied to a normal parametric equation, given by the alphabet (7) and equality of the form
A degenerate transformation is of the form x r → 1. The result of the application of the transformation is a parametric equation, given by the alphabet (7) xr→1 and the equality (Φ) xr→1 = (Ψ) xr→1 after left cancellations. A parametric transformation is applied to a normal parametric equation, given by the alphabet (7) and equality of the form
where Q is nonempty parametric word not containing x r . A parametric transformation is of the form x r → Q λp+1,1 x r . The result of the application of this transformation is a parametric equation, given by the alphabet that is obtained from the alphabet (7) 
Remark. The definition of a parametric equation in a free semigroup given above is rather complicated, due to the intrinsic requirements of the definition. In practice the following simple definition should be used, which is equivalent to the aforesaid one: Let λ 1 , . . . , λ k , . . . be a countable alphabet of natural parameters. Define inductively a parametric word as follows: Any word on the alphabet (2) is a parametric word. If P is a parametric word, then (p) λ k is a parametric word. If P and Q are parametric words, then P Q is a parametric word.
Every letter of the alphabet (2) and every parametric word of the form (p) λ k is called a parametric letter. A parametric word is called a right parametric word, if for any letters (C) λq and (D) λq , contained in this word, the parametric words C and D coincide. A parametric equation in a free semigroup is given by an alphabet (2) and equality of right parametric words.
A sequence of nondegenerate transformations
applied to a parametric equation of the form
where R 1 , R 2 , . . . , R m are parametric words, is called a stable sequence of transformations of one variable. Consider the sequence of parametric equations
where E 0 is the initial equation (2), (3) and for each i = 1, 2, . . . , τ the equation E i is given by the p-layer alphabet of parametric letters and the equality
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Suppose for each i = 1, 2, . . . , τ the couple E i−1 → E i is connected by transformation ω i . Suppose the sequence of the parametric equations (9) does not contain any stable sequences of transformations of one variable.
The sequence of parametric equations (9) identically defines the principal transformation Ω i (i = 1, 2, . . . , τ) of the initial equation (2) (2), (3) the words ϕ (F 1,τ , . . . , F n,τ ) and
Consider the system of linear Diophantine equations and inequality of the form
where for each i = 1, . . . , m linear polynomials M i and K i belong to the same row of parameters of the table (6) .
The row transformation of natural parameters Proof. The lemma follows from the proof of Lemma 1 of [6] .
The set of words in the alphabet (2) which is obtained from the parametric word P by substitution for the natural parameters of the word by all possible natural numbers will be denoted by p .
A . Define the transformation ω 1 as follows: λ q,t → λ q,w+1 + 1 + λ q,w+2 . In this case
. . , T h are parametric letters of the p − 1-layer alphabet. Define the decompositions of the word C q by the decomposition between and inside of the letters T 1 , . . . , T h . Iterating the described operations we define the needed decompositions.
We prove by induction with respect to the number of the layers of the alphabet of the word P that the indicated list of decompositions is as needed. If A, B are words in the alphabet (2) and AB ∈ p , then there exists number
Using the indicated supposition for words A 2 , B 1 with condition A 2 B 1 ∈ R s+1 we find the decomposition ω r , H r , K r of the parametric word R s+1 such that A 2 ∈ H r , B 1 ∈ K r , that proves the lemma. Proof. We prove this by induction with respect to the number of the words of the decomposition given by Lemma 2.
Lemma 3. For every parametric word
The product of the finite number of row transformations of the natural parameters and replacement of the natural parameters will be called a linear transformation of the natural parameters.
Let X be a free semigroup with free generators (2). An exponential equation in free semigroup X is given by the p-layer alphabet of normal parametric letters (7) and the equality of words
in this alphabet. Three types of transformation of the natural parameters of the exponential equation are defined in just the same way as the parametric equation. A linear transformation of the natural parameters λ s,t → L s,t is called a solution of the exponential equation (7), (12) whenever the words Φ(
The exponential equation in a free semigroup X given by the p-layer alphabet of normal parametric letters (7) is called a separated exponential equation, if the equality (12) is of the form
where L p,u ∈ L p , C i is the base of the letters of the ith layer of the alphabet (7). Statement 1, p. The general solution of separated exponential equation in the player alphabet is described by finite number of solutions.
Statement 2, p. The general solution of exponential equation in the p-layer alphabet is described by finite number of solutions.
We prove the statements 1, p and 2, p by a joint induction with respect to the natural number p.
where the right hand is a parametric letter. Apply the transformation of division of the natural parameters of the form λ q,r → 0, λ q,r → 1, λ q,r → 2 + λ q,r to the basic parametric letters of left hand of the equation. We obtain a list of equations of the form
where every letter R i is either a letter from alphabet (2), or a parametric letter of the form C 
where (7) is an alphabet of normal parametric letters, therefore we can exclude in the list ω 1 , . . . , ω s of the decomposition everything interior to bases C p of the letters of the word Ψ. According to Lemma 1 every remaining decomposition gives a system of exponential equations consisting of exponential equations in the (p − 1)-layer alphabet and separated exponential equation. Applying the statement 2, p − 1 to equations of the first case and the statement 1, p to equations of the second case we prove the statement 2, p.
Let S be a parametric word in the p-layer alphabet of normal parametric letters (7). If S contains only simple words and if are normal parametric letters and the word C m is a periodic word for some value of parameters. According to Lemma 4 the word C m contains a finite list of normal powers, which contains all nonsimple words from C m . Applying a suitable transformation of the natural parameters to every normal power, we obtain a list of equations such that first m layers of the alphabet are normal parametric letters. Continuing this process we obtain a list of equations given by an alphabet of the normal parametric letters.
A parametric equation Φ Proof. Let us assume that the first parametric letter in the considered word is C λj,r j . After the transformation of division of natural parameters λ j,r → 0, λ j,r → 1 + λ j,r quantity of parametric letters in the first equality will reduce and in the second equality the number of the layer of the first letter will reduce. If we continue to apply the transformation of division the first variable will be indicated. Proof. We will apply induction with respect to the number of the principal transformation Ω i . The transformation ω i belongs to either one of three types of natural parameter transformations or to one of three types of word variable transformations. It is given that F Let X 1 , . . . , X n , {· · · Λ s,t · · · } be a solution of the parametric equation (7), (8). According to Lemma 5 this solution determines a finite sequence of transformations of the natural parameters. They transform the equation (7), (8) into a parametric
